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Abstract 

It is shown that the Schrodinger nonrelativistic equation of a system of inter- 
acting particles is not a rigorously nonrelativistic equation since it is based on 
the implicit assumption of finiteness of the interaction propagation velocity. 
For a system of interacting particles, a fully nonrelativistic nonlinear system 
of integro-differential equations is proposed. In the case where the size of the 
system of particles is of the same order as the Compton wavelength associated 
with particles, certain essential differences are shown to exist as compared 
with traditional consequences of the nonrelativistic Schrodinger equation. 
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I. INTRODUCTION 



In classical mechanics, the problem of two particles, which interact with force depending 
only on the relative distance between them, is separated into two three-dimensional prob- 
lems: the free-particle problem and one of a particle in a static potential field [0 . Motion of 
a free particle, whose mass is equal to the sum of the masses of both particles, is a motion 
of the center of masses of the system and is uniform and rectilinear. Motion of a relative 
particle with so-called reduced mass occurs in the field with potential V^(r). 

An analogous situation is also observed for the nonrelativistic wave equation of a sys- 
tem of two interacting particles, which was proposed by Schrodinger already in the second 
communication on wave mechanics by the example of elastic rotator (two-atom molecule) [0 . 

The probabilistic interpretation of the square of the modulus of a wave function is pos- 
sible only under the assumption that measurements of coordinates or momenta of various 
particles do not principally disturb one another even if there exists some interaction between 
particles ||. This means that operators of coordinates and momenta of two particles com- 
mute with each other. But in the theory of Schrodinger, still operators of coordinates and 
momenta of various particles commute with one another that is equivalent to the lacking 
of any interference on measurement of the coordinate of one particle and the momentum 
of the other. The last assertion is valid if the duration of measurement of the coordinate 
of a particle is much less than the duration of propagation of a light signal at distances of 
about the size of the system, or, what is the same, if the Compton wave length is much less 
than the size of the system. Therefore, the Schrodinger equation perfectly works in atomic 
physics and solid-state physics. But a direct application of the Schrodinger equation to 
atomic nuclei seems not entirely correct because the Compton wave length of a nucleon is of 
order of the size of an atomic nucleus itself. In addition, a rigorous nonrelativistic statement 
requires to consider the interaction propagation velocity to be infinitely large that forces us 
to assume that operators of coordinates and momenta of various particles do not commute 
with one another. 

II. A COMPLETELY NONRELATIVISTIC STATEMENT OF THE QUANTUM 

TWO-BODY PROBLEM 

As is known, classical equations of motion of a particle with mass m in an external field 
V(r) follow from the Hamilton function 



which depends on the coordinates r of the particle and on the corresponding momentum p. 
The total energy of the system 



With this classical system, we associate a quantum system, whose dynamic state is rep- 
resented by the wave function \I/(r,t) defined in the configuration space. The wave equation 
is deduced by the formal substitution of the quantities E, r, p in both sides of relation (0) 
by the corresponding operators [[§]: 




(1) 




(2) 
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E^E = ih^, (3) 
r — > f = r , (4) 
p — > p = —ihVr ■ (5) 

Here, ft = — , where h is the universal constant introduced by Planck. 
2tt' j 
It is meant that the result of action of both sides of equality (Q), considered as operators, 

on ty(r,t) is the same. The realization of this fact implies the Schrodinger nonrelativistic 

equation for a particle in an external field V(r): 



2 



^A + V(t) 
2m 



tt(r,*) . (6) 



It is worth to emphasize that the operators f and p in (|J), (^J) are written in the con- 
figuration space, and r is the vector of position of the particle in the Cartesian coordinate 
system. 

Operators of coordinate and momentum do not commute with each other: 

[x, p x ] = ih , [y, p y ] = ih , [z, p z ] = ih , (7) 

that leads to the Heisenberg uncertainty relations 

Ax Ap x > h/2 , Ay Ap y > h/2 , Az Ap z >h/2, (8) 

where the quantities Ax, Ap x , Ay, Ap y , Az, and Ap z are directly connected with cor- 
responding measurements and present mean square deviations from the mean value. For 
example, we have 

Ax = ^(x 2 ) - (x) 2 (9) 



for the coordinate x, by definition, where (^Aj is the mean value of the operator A in the 
dynamic state defined by a wave function \&(r,£). 

Relations (H) assert that a particle cannot be in states, in which its coordinate and 
momentum simultaneously take quite definite, exact values. Moreover, quantum theory ac- 
cepts that an unpredictable and uncontrolled perturbation, undergone by a physical system 
in the process of measurement, is always finite and such that the Heisenberg uncertainty 
relations @ are satisfied Hence, no experiment can lead to a simultaneous exact mea- 
surement of the coordinate and momentum of a particle. For example, the measurement 
of the coordinate x with accuracy Ax in the well-known experiment with a microscope, 
considered by Heisenberg, is accompanied by the uncontrolled transfer of momentum to the 
particle, which is characterized by the uncertainty 

A Pl ~^. (10) 

In this case, limits of the accuracy of determination of a position are set always by the 
optical resolution stipulated by diffraction effects according to classical wave optics. For 
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example, it is known that the limit accuracy of an image Ax for a microscope is defined by 
the formula 



(11) 

where A' is the wave length of scattered light, which can differ from that of incident light, 
and "d is half the objective aperture. According to relation ([□]), to increase the accuracy, 
it is profitable to have the wave length of scattered light as short as possible. But owing 
to the Compton effect, the frequency of scattered light changes by a value defined by the 
conservation laws of energy and momentum. This implies that, even in the limit v — > oo 
(A = cjv — > 0), the frequency of scattered emission v' cannot exceed some finite value. If p 
is a momentum, v is a velocity, and E = c\/m 2 c 2 + p 2 is the energy of a material particle 
prior to the process of scattering, then we have |§ 

i^^-rJ— , (12) 

h ^Jl-v 2 /c 2 



X'= — Jl-v 2 /c 2 (13) 
mc v 

in this limit, which gives a maximum value for v' and a minimum one for A' = cjv 1 . Here, c 
is the velocity of light in vacuum. 

Thus, to attain the maximum accuracy of determination of a position on the observation 
of the scattering of a quantum of light by using an optical instrument, we obtain the following 
expression: 



Ax = — Jl-v 2 /c 2 . (14) 
mc v 

The duration of the process of measurement of a position, i.e., the time, during which 
the interaction between a light quantum and a particle can occur, can in no way be less 
than the periods of oscillations of the incident and scattered emissions and should be of the 
order of 1 jv' : 

At=^-Jl-v 2 /c 2 . (15) 
mc 1 v 

If the size of the system is such that a characteristic time of flight for the system sig- 
nificantly exceeds At, then one can say that the process of measurement of the particle 
coordinate with accuracy Ax is followed by an impact on a particle with the force 

„ Ap x he , , 

F ~ ~ (16) 

x At 2(Ax) 2 " 1 ' 

Here, we assume that the momentum transferred to a particle under measurement of its 
coordinate is of order of the mean square deviation Ap x . 

On the measurement of the momentum of a particle with accuracy Ap x , it undergoes an 
impact with force 
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F x ~^(Ap x ) 2 . (17) 
Consider now a system of two interacting particles, whose Hamilton function is 

where and r 2 are Cartesian coordinates of two particles with masses mi and m 2 , p x and 
P2 are their corresponding momenta, and the potential energy depends only on the distance 
between particles. To derive the nonrelativistic Schrodinger equation for this system, we 
proceed analogously to Eq. 

This classical system is put into correspondence to the quantum system, whose dynamic 
state is represented by the wave function ^(ri, r 2 ,t) defined in the configuration space. The 
wave equation can be derived by the formal replacement of the quantities E, ri, r 2 , pi, and 
p 2 on both sides of a relation analogous to (§) by the relevant operators 

d 

E^E = ih—, (19) 

r x -> f 1= n , (20) 

r 2 ^ f 2 = r 2 , (21) 

Pi-> Pi= -iWj , (22) 

P2^ P 2 = -iW 2 . (23) 

Then the well-known Schrodinger nonrelativistic equation for a system of two interacting 
particles has the form 



iftjU( ri ,r 2 ,t) 



h 2 . h 2 



A 2 + y(|r 2 -n|) 



2m^ 2m 



*(r 1; r 2 ,t). (24) 



The operators f 1; f 2 , pi, and p 2 are such that they satisfy the following commutation 
relations: 

[xk, Pkx] = ih , [yk, Pky] = ih , [z k , pkz] =iK, k = 1,2. (25) 
All other possible commutation relations equal zero, including 

[xk,Pix]=0, [yk,Pi y ] = 0, [z k ,piz] = 0, k, 1 = 1,2, k^l. (26) 

Equalities ( P6f) are based on the assumption that measurements of coordinates and mo- 
menta of different particles do not disturb one another in principle even in the presence of 
some interaction forces between particles 0. That is, one supposes that the change in the 
force action of a particle on another one, caused by a measurement of the coordinate of the 
first, propagates with finite velocity. 

Thus, to derive the Schrodinger nonrelativistic equation for a two-particle system, one 
uses, on the one hand, the Hamilton classical nonrelativistic function and, on the other 
hand, the implicit assumption about finiteness of the interaction propagation velocity. 

In the fully nonrelativistic quantum theory, we must consider the interaction propagation 
velocity as infinitely large, which forces us to drop the requirement for the commutation 
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relations fl26|) to hold. Having accepted this viewpoint, we will consider that, under a 
measurement of the coordinate of the first particle, there occurs the uncontrolled transfer of 
momentum not only to this particle but to the whole system since the particles are connected 
through the interaction potential, whose propagation velocity is infinitely large. Therefore, 
it is natural to demand that the commutator of the operator of the coordinate of the first 
particle with the operator of the total momentum of the system be equal to ih: 



& 1 1 Pc: 



ih . 



p, 



'II 



ih . 



Zli Pc, 



ih 



(27) 



Here, P c = j>! + p 2 is the operator of the total momentum of the system. The same should 
be true for the second particle: 



%2, Pc: 



ih 



V2,P< 



'II 



ih . 



Z7.1 Pc. 



ih . 



(28) 



Note that relations (j27|) and (|28|) hold true also for a Schrodinger nonrelativistic equation. 
Namely, they allow one to construct the operator of coordinates of the center of masses of 
the system. The commutator of the last with the operator of the total momentum of the 
system equals ih. On the contrary, the fulfillment of relations fl25|) is not obligatory for a 
system of interacting particles, and we intend to reject this requirement. 

It is clear that, on measuring the coordinate of some particle with accuracy Ax, the 
system undergoes an impact with force ~ hc/2(Ax) 2 . For example, the measurement of 
the coordinate of a nonrelativistic electron under observation of the scattering of a light 
quantum with an optical device with the greatest possible accuracy of order of the Compton 
wave length A e = h/m e c = 2.4 • 10 _10 cm is accompanied by impact with the force F e ~ 
10 8 MeV / cm. For a proton with its Compton wave length of the order of 1.3 ■ 1CT 13 cm, the 
impact force is about F p ~ 10 15 MeV / cm. The mean interaction force between particles in 
a hydrogen atom in the ground state is Fh ~ 10 4 MeV / cm, and that for the bound state 
of the nucleus of deuterium is Fjy ~ 10 14 MeV / cm. Therefore, whereas we can neglect the 
interaction force F-r/ F e ~ 10~ 4 between particles on measuring the coordinates of particles 
in an atom and consider the operators of coordinates and momenta of various particles to 
be commuting, it is not the case for an atomic nucleus, because the ratio of the interparticle 
interaction force to the impact one is of order F-£,/F p ~ 10 _1 . 

In the general case, let 



[Xl, P2x} = ihfi , 

where fi is some dimensionless Hermitian operator. Then it follows from Eq. 

[xi, Pix] = - A) . 

By analogy, if 

[%2, Pix] = ihfo , 

then 



(29) 



that 



(30) 



(31) 



[&2, P2x\ = ifl(l - / 2 ) 



(32) 
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The dimensionless Hermitian operators f\ and f 2 depend generally on the interaction 
force between particles F 12 and on masses of the interacting particles m\ and m 2 . The 
operators f\ and f 2 cannot depend on a direction of the vector F 12 , since the commutation 
relations for the x, y, and z components should be identical by analogy with (^)-(^), since 
there are no separated directions in the system, and independent variables in the Cartesian 
coordinate system are fully equivalent. For this reason, the operators f\ and f 2 are only 
functions of the absolute value of a force, i.e., of Ff 2 '- 

fi = m 2 , F 12 ) , f 2 = f2(m 1 ,m 2 , F 12 ) . (33) 

Let us make permutation of mi and m 2 . Then 

[xi, p2x] = ihfi(m 2 , mi, Fi 2 2 ) , [x 2 , pi x ] = ihfc( m 2, F? 2 ) . (34) 



Compare (0) with fl29|), fl3~l|). Considering that the physical situation has not changed, we 
get 

/i(m 2 , mi, Fl 2 ) = f 2 (m 1 , m 2 , F%) . (35) 

Thus, we have one unknown operator fi{m\, m 2 , F± 2 ). For m 2 — > 0, fi must tend to 
zero since, in the absence of the second particle, the whole momentum transferred under the 
measurement of the coordinate X\ falls namely this particle. If F i2 — > 0, then f\ 0, i.e., 
without any interaction forces between particles, the operators of coordinates and momenta 
of different particles commute among themselves. The situation F i2 — > 00 corresponds to 
the case where we have one particle of mass M and mentally represent that it consists of two 
strongly bound particles with masses mi and m 2 . Therefore, the momentum, received under 
a measurement of some coordinate, is distributed proportionally to masses of particles. This 
enables us to write down fi as fi = m 2 /M. Here, M = m\ + m 2 is the system mass. 

Therefore, without loss of generality, we can present the operator f\ as 

A = -^( F i2' m i> m a) > ( 36 ) 

where e is a new operator, which is assumed to be symmetric with respect to the masses 
of particles mi and m 2 . In what follows, we will omit its explicit dependence on masses 
to shorten formulas, namely, s(Ff 2 , m 1 , m 2 ) = e(Ff 2 ). For F 12 — » 0, e — >• 0, and e — > 1 for 
F 12 00. 

For the noncommuting operators X\ and p 2x , the uncertainty relation has the form [H 

A Xl A P2x >^\(i(F? 2 ))\ , (37) 

where (s{Fl 2 )) = e is a quantum- mechanical average in the state \P(ri, r 2 ,t). 

If we replace the operator e in (|36|) by its averaged quantum-mechanical value (i{Fi 2 )), 
the uncertainty relation ( |3"TD does not change. This makes it possible to write down a non- 
relativistic wave equation for a two-particle system, since the operator f\ is now a constant. 

It is worth to say several words about the commutativity of the operators of coordinates 
and momenta of different particles between themselves: 
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[Xi, X 2 ] = 0, [p lx , p2x] = 0. 



(38) 



If we increase the accuracy of measurements of the coordinates x\, x 2 , the impact forces 
Fi = hc/2(Axi) 2 and F 2 = hc/2(Ax 2 ) 2 also grow. For Axx — > and Ax 2 — > 0, we have 
Fx 3> Fi 2 , F 2 ^> F 12 . Therefore, we can neglect the interaction force F l2 between particles 
and consider the operators of coordinates of both particles as commuting. Analogously, on 
measuring the momenta px x , P2x, the impact forces F\ = 2c(Apx x ) 2 /h and F 2 = 2c(Ap 2x ) 2 /% 
tend to zero on increasing the accuracy of measurements. For this reason, the operators px x 
and p 2x also can be considered as commuting. 

We present now the commutation relations for all operators of coordinates and momenta 
in the two-body problem: 

[xx, pix] = ih(l- — £e) , (39) 



[x 2 , P2x] = ih ( 1 - ^re ) , (40) 



M 
nix 

[xx, fax] = in^e , (41) 

[x 2 , plx] = ifl J^ £ > ( 42 ) 

[x u x 2 ] = 0, (43) 
[Pix,P2x]=0. (44) 

For the y and z components, we have analogous relations. We recall that e is a quantum 
mechanical mean value of the operator i(F 2 2 ) in the state ^(ri, r 2 ,t): 

We can construct now one of the possible representations for the operators of coordinates 
and momenta of a two-particle system: 

fi = -(l-e)^r + R, (46) 

f 2 = (l-e)^r + R, (47) 

pi = zW r - ih^ V R , (48) 

p 2 = -iW r - «^V R . (49) 

It is easily to verify that operators d46|) -(|49D satisfy the commutation relations fl39|)-(|4j). 

In fl4"6"|)-(fi9"D, r and R are independent operator variables. The latter represents coordi- 
nates of the center of masses of the system: 

f c = mA + mA = R . (50) 
nix + m 2 

The operator of the total momentum of the system is 
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Pi + p2 = -iW R • 



(51) 



By substituting operators (H5|)-(PJ) to the Hamilton function (13), we get the nonrela- 
tivistic wave equation for a two-particle system: 



ih^(r, R,t) 



h 2 



2M 



A R -^A r + V[r(l-e)} 



2/i 



*(r,R,t)- 



(52) 



In this case, £ is defined according to 
mi 777,2 



and /j is the reduced mass of the system, /j 



771i + 7772 

For the Hamiltonian if not depending explicitly on time, the substitution 



(53) 



where ^ depends on coordinates in the configuration space but not on time, implies the 
nonlinear system of integro-differential equations for stationary states of the two-particle 
system: 



n 2 h 2 

— — A R — — A r + V[r(l — e)] 



^(r,R) =Exp(r,R) 



(54) 
(55) 



By the substitution ^(r, R) =$(R) f(r), we can separate motions of the center of masses 
of the system as a whole. As a result, we obtained the following nonlinear system of equa- 
tions: 



-tL\ + V[r(l-e)} 



y>(r) = E<p(r) , 



(56) 
(57) 



As in the Schrodinger nonrelativistic theory, a wave function <p(r) should be continuous 
together with its partial derivatives of the first order in the whole space and, in addition, be 
a bounded single-valued function of its arguments. 

As in the Schrodinger theory, for particles interacting by means of a centrally symmetric 
potential, which depends only on the distance between particles, the wave function <p(r) can 
be represented in the following form: 



V?( r ) =-Xi(r)Yim ( 
r \ 



(58) 



where Y\ m f - ) are orthonormalized spherical functions. Then the function Xi( r ) satisfies 
the following system of equations: 
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dr 2 

(xi,i(F? 2 )xi) 
(XhXl) 



1(1 + 1) 



+ V[r(l-e)] 



Xi(r) = Exi{r) 



(59) 
(60) 



m 2 



The quantity presents the share of the momentum transferred to the second particle 

on measuring the coordinate of the first. To construct the operator i{F 2 2 ) on the basis of 
classical mechanics is an extremely difficult problem since one must be able to solve three- 
particle problems in the general form. Therefore, by taking into account the properties of 
the operator s(F 2 2 ) at F\ 2 — > (e — > 0) and at F\ 2 — ► oo (e — > 1), it is convenient to 
approximate 1 — e in the first approximation by a gaussoid: 



l-exp^oF^d^-fil) 



(61) 



where Qq is a parameter with dimensionality inversely proportional to the square of force. 
The explanation for the definition of this will be considered below. 

The nonlinear system of the integro-differential equations (|59|) - ([H]) for a two-particle 
system has solutions for definite values of the energy E, but solutions with different energies 
are not orthogonal to one another. 

Moreover, since the parameter e is a quantum-mechanical mean in every quantum state, 
we may say that every quantum state has its own potential of interaction between particles. 

The constant Qq can be defined by analyzing the discrete spectrum of a hydrogenlike 
atom. Let two particles with masses mi (electron) and m 2 (atomic nucleus) be coupled 

Ze 2 

through the Coulomb potential V(r) = , where Z is the charge of the atomic nucleus. 

r 

The nonlinear system of integro-differential equations for bound states ( [59"D - ( |6lD can be 
written in the following way: 



h 2 ( d 2 _ 1(1 + 1) 
2ji \dr 2 r 2 



Ze 2 



r(l - £ n l 

Z 2 e A 



poo / ' A 

= J o X^(r)expl-fi ^Y 
xl\(r) dr=l. 



Xn\(r) = E nl Xni{r) 
dr , 



(62) 

(63) 
(64) 



Here, \i is the reduced mass of the system. 

Equations (|62D and (|64]) define normalized radial functions of a hydrogenlike atom by 
the Schrodinger theory. Their solutions for bound states are well known (see, e.g., 



/ IZr \ ( Zr 
Xm(r) = N nl r l+1 F [ -n + I + 1, 21 + 2, ) exp 



1 - e n i)na 0t 



where 



N, 



1 

(2Z + 1)! 



{n + l)\ 
2n(n-l- 1)! 



.1/2 



2Z 

(1 - e ta )na 0/ 



(1 - e n i)na Q ) 



/+3/2 



(65) 



(66) 
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h 2 

Here, a n = — - is the Bohr radius, and F is a degenerate hypergeometric function. 
lie 2 

Eigenvalues of energy are expressed as 



jic 2 {aZf 1_ 

2 n 2 (l- £nl y 



e 2 

Here, a = — is the fine structure constant, I — 0, 1, . . . , n — 1, and n = 1, 2, . . . , oo. 

Tic 



By substituting Xni(f) into Eq. fl6"3|), we obtain the nonlinear equation for the determi- 
nation of £ni: 



Vm = S nl [°° x 21+2 exp ( -x - n( f Z 4 \ ) F 2 (-n + Z + 1, 2/ + 2, x) dx , (68) 

JO \ Vnl^ X ' 



where n n i — 1 — £ n i , S n i = - 

' [(2/ + 1)!] 2 

For the ground state of a hydrogen^ 



{n + l)\ 



2n(n - I - 1)! 
ike atom, we have 



and Q 



2\4 



1 f°° 2 ( n(aZY > , 

Vw = 7T / x ex P ~ x § — 4~ dx ■ ( 69 ) 

2 Jo V ?7i x 4 ' 



For 7710, the nonlinear Eq. ( |69"1) has solutions if n(aZ) 6 < fi c = 0.40765 that is depicted in 
Fig. [I]. From two solutions, that solution is considered as suitable which is located nearer 
to 1. The second solution should be omitted. Indeed, it corresponds to the case where e 
tends to 1 as the parameter aZ decreases to zero, which contradicts to the assumptions 
made above about the parameter of noncommutativity. For Q(aZ) 6 > Q c , Eq. (^) has no 
solutions, which means it is impossible for a given bound state to exist. 

The system of Eqs. (|62j)-(l6~4]) describes a nonrelativistic motion of a particle with mass 

Ze 2 

ji in the external field V(r) = and possesses a critical value of the constant Z = Z c 

r 

such that a given bound state cannot exist if it is exceeded. The relativistic equation for a 
hydrogenlike atom is the Dirac equation |7| for a particle with mass [i in the Coulomb field, 
and it also has a critical constant of the ground state equal to Z c = 1/a. It is reasonable 
to assume that these constants are the same. This presents the possibility to determine the 
constant Qq as 

*= a <mh- (70) 

In Fig. ^ we plot values of the binding energy for the ground state of a hydrogenlike 
atom, which is calculated by using the parameter Qq defined in such a way. There, we also 
present the analogous binding energies according to Schrodinger and Dirac. It is seen that 
the results of our calculation occupy the intermediate position. Similar calculations can be 
easily performed for excited levels of hydrogenlike atoms. In this case, levels by Schrodinger 
with a given n split into n close sublevels since the orbital quantum number / can take n 
values (/ = 0, 1, . . . , n — 1), i.e., the degeneration is removed in this case. All levels with 
given n and different / are located under the corresponding Schrodinger level. The value 
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of the nonrelativistic splitting is much less than that calculated by the Dirac theory. The 
parameter of noncommutativity for the operators of coordinates and momenta of different 
particles e, presented in Fig. |3], increases with the quantum numbers n and I (for the same 
Z). That is, fully nonrelativistic solutions transfer to that of the Schrodinger equation for 
large quantum numbers. 

As a peculiar feature of a fully nonrelativistic equation, we indicate the presence of a 
critical value of the parameter aZ c for any energy level that is not revealed by the Schrodinger 
nonrelativistic equation. For example, if n — 2, aZ c = 3 for I = and aZ c = 2.5 for / = 1. 

When the parameter aZ grows, the mean distance between particles decreases. For the 
ground state of a hydrogenlike atom, it is defined as 

(\h-h\) = ^- { -^f^ (71) 
2/ic aZ 

h 

and takes the smallest value equal to { |f 2 — ?x|) ~ 0.9 — when aZ = 1. At the same time 

jic 

(i.e., for aZ = 1), mean distances between particles significantly exceed the value — for 

h h 
excited quantum states ((If 2 — fi I ) ~ 5.9 — for n = 2 and 1 = 0; ( |f 2 — ~ 5 — for n = 2 

/iC fic 



and 1 = 1). If the parameter aZ further grows, the nonlinear system of Eqs. (|6!^)-(|6~4]) has no 
solutions for the state with n = 1, i.e., the IS state cannot exist, and the ground state is a 
state with n = 2 and I = (2S state) or / = 1 (2P state). It is possible if 1 < aZ < 3. Here 
we are faced with the essential difference from solutions of the Schrodinger nonrelativistic 
equation, for which, as is well known, the ground state is always the IS state. 
Below, we present the quantum Poisson brackets introduced by Dirac |?J as 



{X U Plx} = 1 ~J^ £ i 


(72) 


{X 2 , P2x} = 1 ~J[ £ i 


(73) 


{Xl, P2x} = -JjrS, 


(74) 


{£2, Pix} = -j^e, 


(75) 


{xt, x 2 } = 0, 


(76) 


{Plx, P2x} = . 


(77) 



For e — > 0, these brackets transfer to the classical Poisson brackets, i.e., we have the 
complete analogy between classical and quantum mechanics in this case. As is seen in Fig. |3], 
e is remarkably different from zero for systems whose sizes are of the order of the Compton 
wavelength of particles forming the system. In this case, there is no analogy with classical 
mechanics. To what extent it would take place can be judged by comparing the proposed 
theory with experiment. But it is already clear that we have obtained a considerably better 
agreement with the result of solving the relativistic Dirac equation for the ground state of 
a hydrogenlike atom as compared with the Schrodinger nonrelativistic theory. 
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III. A NONRELATIVISTIC SYSTEM OF iV-INTERACTING PARTICLES 



The previous results can be easily generalized to a system consisting of N particles 
interacting among themselves via two-particle forces. Let the operators of the coordinates 
and momenta of N particles be ?i,? 2 , ••• ,r N , Pi,F>2, ••• , Pat- Define the operators of 
coordinates and momentum of the center of masses of the system: 



N 



M 

N 



k=l 



(78) 
(79) 



k=i 



Here, M = J2k=i m k is the mass of the whole system. 

By analogy with a two-particle problem, we require that the commutator of the operator 
of the coordinate for any particle with the operator of the total momentum of the system 
be equal to %h: 



•Efcj Pc. 



4, Pcz =ih (k = l, 2, ... ,N). 



Then, if 



[Xj,Pkx] = [yj,Pky] = [Zj,pkz} = ih ~^- £ jk (j^k), 



we have 



[%j-iPjx\ — [VjiPjy] 



[ z j-iPjz 



%h 



N 



k=l 



1 x - m k 

1 ~ ^ ~w £jk 



1, 2, 



N. 



(80) 



(81) 



(82) 



Here, the parameter of noncommutativity of the operators of coordinates and momenta of 
different particles 



£jk — 



(83) 



is symmetric with respect to a permutation of the indices j, k and identically equals zero for 
j = k by definition. 
In addition, 



[%, %k] = [Vj, Vk\ = [Zj, Zk] = , \pjx,Pkx] = [Pjy,Pky} = [pjz,Pkz] = . 



(84) 



One of the possible representations for the operators of coordinates and momenta of 
particles can be written as 



r,, ./ 1.2 V. 



N 



2—1 71 /f 



q=l 



M 



31 



N 



V,-^EtJ £ ^ V ^ j = l,2,... ,N. 

k=l 



(85) 
(86) 
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Here, we take coordinates of particles as independent variables since the corresponding 
operators mutually commute. 

In this case, a nonlinear system of equations for the nonrelativistic problem of N particles 
has the form 



2 h 



^ + g^(v,.vo 



N N 

+ ££mri-r i |)^ = £*, (87) 

i=l j>i 



where 



\ 2 N 



9=1 / 9=1 

iV \ JV 

m„, , \ ^\m„ 



B ik = \ 2-J2 ~]^( £i <i + J £ik + £ ~^ e n E H ■ ( 89 ) 



Here, is defined according to (B3|), and 



(90) 



777/ TYlh 

Q c = 0.40765, and //,-* = ^— — . 

rrij + 

It can be shown that the introduction of the so-called Jacobi coordinates provides the 
separation of motion of the center of masses as a whole. 

The system of equations (0)-(^9|) takes a particularly simple form in the important case 
of identical particles (rrij = m, = e, j, k = 1, 2, . . . , N , j ^ k) after the introduction 
of the so-called normed Jacobi coordinates, 



^ = \/77^(^£ r *- r *+i) > l<k<N-l, (91) 



IT N 

q^ = ^Er s - (92) 

' s=l 

In this case, after the separation of motion of the center of masses, we have 
f h 2 (l-e) 2 



2m 



A qi + • • • + j + V(q x , ... ,q N - 1 )^<p = E<p, (93) 

(94) 



(<P> <P) 

Here, V(qi, q2, . . . , Qat— l) represents the potential energy of the interaction of all particles 
expressed in terms of Jacobi coordinates (|9l| ) . 

Since < e < 1, the mean value of the kinetic energy will be less than that according to 
Schrodinger, and the energies of the bound states will be situated lower than the Schrodinger 
ones. 
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IV. CONCLUSION 



The Schrodinger equation for a system of interacting particles is not a strictly nonrela- 
tivistic equation because it is grounded on the implicit assumption about finiteness of the 
interaction propagation velocity. The last means that if the commutator of operators of a 
coordinate and the corresponding momentum of a free particle is defined as 



this commutator for a system of coupled particles has the same value ih . However, in a 
nonrelativistic quantum system during measurement of the coordinate of a particle, a whole 
transferred momentum is distributed over all particles but is not transferred to only the 
measured one. Therefore, in a system of interacting particles, this commutator should have 
the form 



where < 5 < 1 . 

The rejection of the implicit assumption on finiteness of the propagation velocity of 
interactions implies the noncommutativity of the operators of coordinates and momenta of 
different particles. But the operators of coordinates of all particles and operators of momenta 
of all particles mutually commute that allows one to use these collections as independent 
variables. 

The deduced nonlinear system of integro-differential equations allows one to separate the 
motion of the center of masses of the system which moves as a free particle. 

A solution of this essentially nonlinear system exists for completely definite values of the 
energy of the system. The wave functions corresponding to these energies, as a rule, are 
mutually nonorthogonal. 

Properties of solutions of the proposed nonlinear system of equations essentially differ 
from Schrodinger solutions for systems, for which the Compton wavelength of particles is 
comparable with the size of the system. That is, the consideration of noncommutativity 
of the operators of coordinates and momenta of different particles is of importance for 
quantum mechanics of atoms with large charge of the nucleus (aZ ~ 1) and for phenomena 
of the physics of atomic nuclei, where the size of the system is of the order of the Compton 
wavelength of particles which compose the system. 

The author acknowledges Dr. V.V. Kukhtin and Dr. A.I. Steshenko for a very fruitful 
discussion. 



[x, p x ] = ih , 



(95) 



[x, p x ] = ihS , 



(96) 
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FIGURES 



FIG. 1. Dependence of the right side of Eq. (69) on 77 for various values of the parameter 
tl{aZf. 

FIG. 2. Binding energy of the ground state of a hydrogenlike atom [Eq.(67)] vs the parameter 
aZ. The upper dotted line corresponds to the Schrodinger theory, Eg = , and the 

lower one to the Dirac theory E D = [ic 2 j— 1 + [1 — (aZ) 2 ] 1 / 2 }. 

FIG. 3. Dependence of the parameter of noncommutativity of operators e on the parameter 
aZ for the lowest states of a hydrogenlike atom. 
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